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Abstract.--From Baker-Nunn observations of nine satellites, whose inclinations

cover a region between 28 ° and 95 °, the following values were derived for the zonal

harmonics coefficients of the earth's gravitational field:

*?2 = 1082.645 X 10 -6

+6
J_ = -- 1.649 X 10-6

+16
J6 = 0.646 X 10-6

+_30
Js = --0.270X10 -6

+_5O

Jlo = --0.054 X 10 -_,
+_5O

Jl: = -- 0.357 X 10- 6,
+_47

Jl_ = O.179 X 10- 6,

+63

Js = - 2.546 X 10 -6,

+_2O

Js = - 0.210 X 10- 6,
+_25

•J7 = -0.333 X 10 -6,
+_39

J, = -0.053 X 10 -6,

+--6O

Jlz= 0.302X10 -s, ..
+-35

Jl* = --0.114 X 10 -6,

+-84

1. INTRODUCTION

I N A PREVIOUS PAPER (KozsJ, 1963) I derived a se[ of --_1..o ¢,, *h_
ll coefficients of zonal spherical harmonics in the earth's gmtivational

potential from the available observations of artificial satellites. How-

ever, at that time I did not give much weight to observations of high-
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inclination satellites simply because accurate observations for such

satellites were not available.

We now have precisely reduced Baker-Nunn observations for some of

the high-inclination satellites, and I have found that secular motions of

ascending nodes of these satellites cannot be accurately expressed by my

previous values of zonal harmonics. Therefore, I had to improve my

previous values by adding observations of the high-inclination satellites

and higher-order harmonics to the expression of the earth's potential.

In this paper I have tried to eliminate any accidental errors in observa-

tional data, by using many more observations of a given satellite than in

my previous paper. I have used fourteen sets of observations for 1959 al
and ten sets for 19597, in contrast to the single set of data used for each

satellite previously. Consequently, I believe that the data reported here
are more reliable than those in the previous paper even for low-inclination

satellites. Although we still lack sufficient observations for satellites

with inclinations of between fifty and eighty degrees, this gap in the data

will probably be filled in the near future.

2. METHOD OF REDUCTION

The observations used in this determination were made by Baker-Nunn

cameras, and the first steps in the reductions were made by Phyllis Stern

by the Differential Orbit Improvement program, in which first-order

short-periodic perturbations due to the oblateness of the earth are taken
out. The mean orbital elements of each satellite for every two days or

four days were obtained from observations covering four or eight days.
Luni-solar periodic _nd solar radiation perturbations in the orbital

elements were then computed and subtracted from the mean orbital

elements.

To derive secular motions of the ascending node and the perigee and

amplitudes of long-periodic terms from these orbital elements, I use data

covering about one period of revolution of argument of perigee, that is,

about 80 days for Vanguard satellites, for example.

Secular accelerations in the mean anomaly or the mean longitude, and

secular decreases in the semimajor axis due to air-drag, are then evaluated

roughly; they can be used to compute theoretically secular variation in

the longitude of the ascending node, the argument of perigee; and the

eccentricity due to the air drag with sufficient accuracy, by assuming the

rate of secular decrease of the perigee height. The computed secular
variations in the three orbital elements are subtracted from the mean

elements.

After the corrections with long-periodic perturbations due to even
zonal harmonic terms are made, the argument of perigee o:, the longitude

of the ascending node, _, the inclination i, and the eccentricity e are
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• expressed by the following simple forms:

w=wo+,'.,t+A_ cos to,

_= _o+ ht+A_ cos to,

i=ioA-A, sin _,

e=eoA-A, sin to.

(1)

By the method of least squares we can determine the constants appear-
ing in the formulas (1) from a set of the corrected orbital elements. How-

ever, when the eccentricity is very small, say less than 0.02, the corrected

eccentricity and the argument of perigee are more accurately expressed

by the following formulas:

e sin to=eo (l--a) sin (too+d,t)+A,,_

e cos to=e0 (1+_) cos (to0+_t), }) (2)

where a, which is due to even-order harmonics, can be computed with
approximate values of J, as

a=sin 2 i{Js: (14-15 sin2 i)+5 J, (6-7 sin: i)

-10.9375 J6(16-48 sin: i+33 sin 4 i)/a2}/{16a _ J2(4-5 sin s i)}. (3)

By using the formulas (2) we can determine e0 sin _0, e0 cos too, A, and

a correction to an assumed value of b from observations by the method of

least squares.

The relation between the anomalistic mean motion n and our semimajor

axis a is given as

n:a 3=GM_I 3s:"
-}-_pips(,l--e 2) _(1-3 cos: i)}, (4)(

where

GM = 3.986032 X 102° cm3/sec 2,
p=a(l_eS). (5)

Expressing the mean motion in revolutions per day and the semimajor axis

in earth's equatorial radii, we can use the following number for GM:

%/GM = 17.043570, (6)

where I adopt the following value of the equatorial radius:

a, = 6378.165 kin. (7)

55



SATEI,.[.ITE GEODESY

C_

I

O

4

.3

.3

×

×

I I I I I I L I I I _ I t

T

×

I t I t I i t I I i I I i

56



ZONAL HAKMONICS COEFFICIENTS

The earth's gravitational potential is expressed with Legendre polyo
nomials as

_2

The secular motions of the node and the perigee and the amplitudes
of long-periodic terms with argument _ derived from observations are

compared with those computed from my previous value of J_ (Kozai,
1963),

J_= 1082.48 X 10-e, Ja= -2.562>( 10 -6,

J4= - 1.84×10 -6, J6= -0.064X 10 -e,

Je = 0.39 × 10 -e, J_ = - 0.470 × 10 -e,

Js--- -0.02×10 -s, Jg= 0.117×10 -6.

(9)

Of course we must include luni-solar secular terms and a J_' term,

which can be computed with an approximate value of J2 to compute

secular motions. Therefore, each secular motion and amplitude pro-

vides us with (O-C), which will make it possible to improve values of J,.

3. DATA

(a) 1959 Alpha 1--Table 1 lists fourteen sets of data for tMs satellite,
and table 2 gives (O-C)'s referred to my previous values for J,.

The standard deviations for the daily secular motions _ and _ given
in table 1 are determined from observations; those in table 2 are com-

puted by adding uncertainties which come from those in e0 and i0.
Weighted mean values for the fourteen sets are given at the bottom of the

table. As can be seen, the scattering of (O-C)'s is much larger than that
expected from the standard deviations assigned to the observed values.

However, the standard deviations assigned to the mean values in table 2

should be more reliable, and will be used in the determinations of J,.
(b) 1959 Eta--Ten sets of data are given in tables 3 and 4 for this

Vanguard satellite. However, its orbital elements are not essentially
different from those of 1959 al and the mean values of (O-C) in table 4

are almost identical with those in table 2, as expected. For the two Van-

guard satellites (O-C) in _2and A_ are significantly large.

(c) 1960 Iota 2---Since the eccentricity is very small for this rocket of

Echo I, the formulas (2) are used in the reduction. Since &_- _ are very

small for this satellite, it is necessary to take spee_,ial care to compute terms

with arguments 2(_+_--9_) and 2(_+g-_) in the luni-solar per-
turbations.

Five sets of data are given in tables 5 and 6. For this satellite the

scattering of (O-C) for secular motions is very large. The large scatter-
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Table 2.--(0-C) Re]erred to Kozai's Previous Constants.[or 1959 Alpha I

_×10 6 _X10 _ A,X10 e A_×10_ Ao×10 4 AuX10 4'

1 ...... 19 ° + 17 °

2 ...... 0+8

3 ...... 3__+8

4 ...... --15 +11

5 ...... 3+6

6 ...... --3+4

7 ...... 6+3

8 ...... --5+_7

9 ...... ! 1+5

10 ..... --4 +_ 3

11 ..... 0+3

12 ..... 13 _ 3

13 ..... 3+3

14 ..... 9___2

Mean__ 4_+2

--31 ° ± 18°

49 -+23

--23 -+23

--22 -+21

--42 -+13

--33 _+I0

3 _+14

--27 _+17

--24 _+16

-8 _+ 15

-4_+8

--33 _+ 7

--46 _+14

--48 _+ 8

-26 _+ 6

12_+7

17_+5

18_+6

2_+6

7+4

0_+4

7_+5

7_+3

-4_+5

3_+2

-2_+2

8+3

5+3

6-+2

4___2

13° +_17°

--26 +_18

-13 +_33

41 -+16

--3_+7

--31 _+14

44 _+13

24 +_21

6 -+30

18 _+11

-20 _+ 7

-17 +__ 7

-13 -+ 14

38 -+ 12

--2+_8

90 ° -+ 40 °

2 -+23

33 -+36

102 -+29

41 ±17

12 _+12

12 _+10

98 +_18

37 _+13

40_+8

31 _+I0

51_+8

40 _+14

75+_9

42+_8

--9° -+5°

19 _+7

--37 _+9

--23 -+4

--I +_3

I0 -+3

Ii +_6

--20 -+5

--14 -+4

1 _+5

8 -+2

--2 +_4

--36 -+4

--21 -+3

-5 -+5

ing for & may be partly due to the fact that the radiation pressure effects

in the argument of perigee are too large to handle accurately. Also, I

suspect that the anomalistic mean motion cannot be determined with

sufficient accuracy for a satellite of such small eccentricity. This might

be one reason why we have large discrepancies in the secular motions of

the node.

ttowever, (O-C)'s in 3, _ and A, are still significant.

(d) 1961 Nu--For this satellite precisely reduced Baker-Nunn observa-

tions are not available and observations must be used that are not pre-

cisely reduced, ttowever, since the satellite is close to the earth and the

inclination is the smallest used in this paper, the node and the perigee

move rapidly and the relative accuracies in the determination of the

secular motions are fair.

Four sets of data are given in tables 7 and 8, which show a wide scatter

in the values of (O-C) in A, and A_. The residuals in the two secular

motions take large values. This satellite was not used in the earlier

determination of Jn; at that time the smallest inclination was 32°.9, for

1959 al.

(e) 1961 Omicron--There are two separate satellites for 1961 o. tIow-

ever, since they have almost identical orbital elements, they are treated

as one satellite here. The eccentricity is very small. Since the inclina-

tion is rather close to the critical inclination, the argument of perigee

moves very slowly. Therefore, one set of observations must cover more

than 500 days. However, as the mean motion changes rather rapidly due

to air drag, I have used one set of 400-day observations.
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For this satellite, the mean height is rather low, about 900 kin, and

the inclination is high. Therefore, the object is rather difficult to observ_

from the Baker-Nunn stations due to visibility conditions, and there are

many gaps in the observations, periods for which accurate orbital ele-
ments are not available. As the Baker-Nunn stations are between +35 °

and -35 ° in latitude, the inclination of this satellite is poorly determined

although the Iongitude of the node can be well determined. This situa-

tion is contrary to that of Vanguard satellites.

Table 8.--(O-C) ]or 1960 Nu

1 .......

2 .......

3 .........

4 .........

Mean _

6 X 10 3

-- 59 ° ± 15 °

--74 ± 10

-51 ± 15

--10 ±22

--48 ±20

tl X 10 6

211°+30 °

90 ± 20

71 ±80

11l _+45

131 ±40

A,X106

-17± 3

1-14± 3

-17± 3

11± 8

-9 ± 14

AIX105 A_0X104

-173°_+44 ° -450_+20 °

-140 ±30 -50 4-_40

-105 ±35 --25 ±34

--20 ±24 64 ±61

-110 ±70 --14 ±50

AuX10 _

17 ° ± 5 °

16±6

21 +11

0 ±12

14 ± 10

The secular motion of the node is determined quite accurately, as we

can see in table 9. However, we cannot compute theoretical values of

the secular motions so accurately as the observed ones, because of uncer-

tainties in the inclination. Therefore, the standard deviations in (O-C)

of _'_in table 10 are large. But (O-C)'s in _'_themselves are quite large,

as we can see in table 10. In the previous determination of J,, accurate
orbital elements from Baker-Nunn observations were not available.

The value of (O-C) in 9. for the epoch 4 is quite different from the

others, "rod I suspect this scattering is due to some accidental errors in

i0 for the epoch 4, and give small weight to this value in taking the mean.

For this satellite the radiation pressure effect in the argument of perigee

is too large for my program to compute it with enough accuracy. This is

also true for other satellites of small eccentricity.

(f) 1961 Alpha Delta 1--This satellite has a polar orbit. However,

as the mean height is quite high, we can determine the orbit very accu-

rately from Baker-Nunn observations.

This satellite, and the three listed in tables 13-17, which were launched

in 1962, were not used in my previous determination.

The first set of data is determined from 300-day observations, and the

second set is from 400-day observations, which cover one revolution of

argument of perigee.

To compute the solar-perturbations there arise three small divisors,

namely, 2(he-&), 2(&-9+ne) , and 2(ne-2¢5-_).

TabIes 11 and 12 show that the eccentricity is very small and that

(C-C) in _ is very significant.
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(g)" 1962 Alpha Epsilon--For this satellite three sets of data are given

in table 13. However, observations in sets 1 and 2 are overlapped widely.

Since _ and - _2have nearly the same value, 2(_+ _) and 2(no-2_-- _2)

take small values, as for 1962 Beta Mu 1. Therefore we must be careful

to compute luni-solar perturbation terms with such arguments.
All values of (O-C) in table 14 are significant.

(h) 1962 Beta Mu 1--This is a geodetic satellite, and although the in-

clination is not very much different from that of 1956 a_, the eccentricity

and the mean motion take quite different values.

The mean height of this satellite is not high enough for the Baker-Nunn

cameras to track the object over a long arc. Therefore the accuracy of

determination of the orbital elements is not high.

(i) 1962 Beta Upsilon--Unfortunately, precisely reduced Baker-Nunn

observations are available for this satellite only for 200 days, during which

the argument of perigee moves by 240*. Therefore I will increase by a

factor of five the standard deviations given in table 17 in the determina-
tion of jn.

4. DETERMINATION OF Js

Table 18 gives for the nine satellites the semimajor axes in units of

earth equatorial radii, the inclinations, the eccentricity, and the area-

to-mass ratio in cgs units. The same table also gives J2 _ terms and luni-
solar secular terms in _ and _ (Kozai, 1962; Kozai, 1959).

A previous paper (Kozai, 1962) gives the formulas used to compute

secular perturbations and amplitudes of long-periodic tel_as with argu-

ment w by including up to 8th-order harmonics. However, I include up
to 14th-order harmonics in the present determination, and the additional

formulas are given in the following:

_= 3465J10 0n(63-109202_491404- 79560e _-41990s)
4,194,304p 1°

X (128-k2304e2_- 6048e4_3360eeW315e s)

9009J12
67,108,864pl 2 0n(231 - 577502_3927004-106,59006

+ 124,3558 s- 52,00301°) • (256_- 7040e2-_31,680e4+36,960e 6 (10)

11,550eST 693e 1°)

45,045J14
.... _Q 14n0(429-14,5860_-F138,56704-554,2680 e
z, 147,4_o,,-_p

_- 1,062,3470 s- 965,7700_°-_334,3050_2) • (1024_-39,936e 2

-_274,560e4_- 549,120ee_-360,360eST72,072el°_-3003e12),
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ZONAL HARMONICS COEFFICH_N'TS

3465J,o nf63_346502+30,O3004_90,ogooe+109,39508
8,388,608plo ,

- 46,1890'°)- (128+ 1152e2+2016e4+840ee+63e 8)

9009J12 n(231 --18,01803+225,22504-1,021,02006
268,435,456p 12

+2,078,50508-1,939,93801°+676,0390'2) • (1024+39,936e 2

+ 274,560e4+549,120e6+360,360es+72,072el°+3003e '_) (11)

45,045J14 n(429_ 45,0450_+ 765,76504_ 4,849,8450e
-- 4,294,967,296p14

+ 14,549,53508- 22,309,2870,0+ 16,900,9750 TM- 5,014,5750'4)

X (1024 + 19,968e 2+ 91,520e 4+ 137,280e 6+ 72,072e 8

+ 12,012e'°+429e12),
6

5e= --sin i (1--502)-'(1--e2)_ C_AjB_ sin o_, (12)
y--4

_{ = -- e0 _e/{ sin i (1 -- e 2) }, (13)

6

_fi=e0 sin -1 i (1--502) -' _ C_{ -sin 2 i.Dj

+(9-50')(1--502)-'Aj}Bj cos _,, (14)

6

5o_= --O$_--sin i.e-'. (1--503) -' _ CjA_Ej cos _o, (15)

69

where

0 = cos i

105J9
C,=

65,536J2p 7

1155Ju
C_=

4,194,304J2p 9

Ca = 3003J,s
67,108,864J_p n

A 4= 7-- 30802-t-200204- 4004_ + 2431

A 5= 21 -- 136502-{-13,65004- 46,4100e+ 62,98508- 29,3930 '0

A 6= 33-- 297002+42,07504- 213,1800e+479,65508- 490,31401°+ 185,7250 TM
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B4 = 64 -_-336e 2_- 280e 4-_-35e 6

B_ = 128+ 1152e2-_ 2016e4-_840e6-_-63e s

B8 = 512 -_-7040e2 _- 21,120e4-_ 18,480e6 -_-4620eS q- 23 le 1°

D4 = 88(7- 9102+27304- 22108)

D5 = 130(21- 42002+214204- 387608+ 22610 s)

D8 = 60(99 - 280502+ 21,31804- 63,95408+81,7190 s- 37,1450 '°)

E 4= 64 +17 76e2+ 476 0e4-t- 2485eS-_- 210e8

E5 = 128-b5504e2q-26,208e4+30,072eS+ 8,967eS-_- 504e'n

E8 = 512-t-31,360e2q- 232,320e4-_-467,280eS-_-300,300eS+ 57,982e 1°+ 2310e 1"_

(16)

(a) Even harmonics--Table 18 gives equations of condition to deter-

mine values of J2 through J,4. There are 18 equations with 7 unknowns.

The equations can be solved by assigning to each a weight reciprocally

proportional to the standard deviation. Actually, each equation is

divided by its standard deviation, and then normal equations are con-

structed. Before solving the equations, note that 2;(O-C) 2 is 3882

(= 18X14.7:); that is (O-C) is bigger than the standard deviation by

factor of 14.7. This value comes down to 23 = (18- 6) X 1.42 after solving

J,2, and to 13.4=(18-7)X1.12 after solving J,4, whereas it is 93.5=

(18-5)×2.72 after J,0 is solved. Therefore we can stop either at J12 or

at J,,, although the solution including J14 is, of course, better.

In table 19 residuals based on the solutions up to J,4 and J,2 are given

under headings I and II, respectively, in units of 10 -6 degrees. Under

the heading KH, residuals based on King-Hele and Cook's values (1964)

are given; that is,

J2 -- 1802.70X 10 -6, J4 - - 1.40 X 10 -6,

J6 -- 0.37X10 -6, Js = 0.07X10 -_,

J10 = -0.50)10 -8, J12 = 0.31)10 -6. (17)

In the node equations the residuals based on my new determinations

for 1962 3v are larger than the standard deviations. However, since this

datum is not entirely reliable, being based on a single determination cov-

ering an incomplete period of time, this may not be a weak point in this
determination.

In the perigee equations of 1961 v and 1962 aE, the residuals are larger
than their standard deviations. This may suggest that we must still

include higher-order terms to express these data.
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The two sets of solutions derived are the following:

Solution I (in units of 10 -7)

dJ2= 1.65, dJ4 -- 1.81, dJ6 = 2.56, dJ8 =-2.50,
+6 +_16 +30 +50

J10 = - 0.54, J,2 = - 3.57, J,4 = 1.79,

+50 -+44 ___63

(18)

Solution II (in units of 10 -7)

dJ= = 1.50, dJ4 = 2.03, dJ6 = 2.03,

+_5 __+18 _+31

dJ8 = -1.29, J10 = -1.55, Jl:= -2.94.

+_.34 -+45 -+49

(19)

(b) Odd harmonics--As shown in table 20, we have 32 equations to

determine 6 unknown coefficients of odd harmonics. At first -v(O-C) 2

is 349(=32X3.32). This number comes down to 153(=28>(2.3 '_) after

J9 is solved, and to 42(=27X 1.252) and to 39(=26X 1.23 _-) after J,1 and

J13, respectively, are solved. Therefore, the inclusion of J,3 does not

reduce the residuals too much. Two sets of solutions are derived, one

up to J,l and one up to J13; that is,

Solution I (in units of 10 -7)

dJ3 = 0.31, dJ5 =-1.47, dJ7 = 1.36,

-+20 _ 25 -+39

J9 = - 1.67, Jll = 3.02, J13 = - 1.14,
-+60 -+35 4- 84

Solution II (in units of 10 -7)

dJ3 = 0.07, dJ5 =-1.22,

4-11 ___17

dJ7 = 0.93,
+_22

J9 =-0-75, Jll--- 2.96. (20)
-+ 17 -+35

Table 20 gives the residuals based on solutions I and II for each datum.
Residuals in the eccentricities of 1961 v and 1962 /_, in the perigee of

1961 _, and in the nodes of 1962 ae and 1962 fly have much larger values

than the standard errors. This may show that still higher-order har-

monics are significant.
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In this analysisparallactictermsareneglectedin computinglunar
• perturbations.However,in theparallacticdisturbingfunctionthereis

_; term,

@sin/-sin _(1 5 . (1--5 sins sin ,.,.sin to',--i sm _ i) e)ee'(1 +43-e2) (21)

where _ is obliquity, e is lunar eccentricity, and to' is lunar argument of

perigee. Since to' moves slowly, we must include this term if we treat

observations of high-altitude satellites in the future.

5. RESULTS

The two sets of solutions derived in this paper are the following:

Solution I (units of 10 -e)

J2 = 1082.645, Js -- -2.546,
_+6 _+20

J4 = -- 1.649, J5 = -0.210,
-4-16 -4-25

Je = 0.646, J7 -- - 0.333,
_ 30 _+39

Js = - 0.270, J9 = - 0.353,
_ 50 _+60

J,0= -- 0.054, Jn = 0.302,
+50 -+35

Jl_= -0.357, Jl_= --0.114,
+44 +84

J14= 0.179

_+63 (22)

Solution II

J2 = 1082.630, J_ = -2.559,
_+5 _+11

J4 = -!.627_ J5 =-0-185,
+18 _+17

Js -- 0.593, J7 = -0-376,
-+31 _+22
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Js = -0.149, J9 = 0.039,
+ 34 4-17

J10= -0.155, Jli= 0.296,
__.45 ±35

J1_= -0.294

4-49 (23)

A. H. Cook (1964) recently derived values of J_, J4 and Je by using high

satellites only, and his results show remarkable agreement with Solution I.

The flattening of the reference earth ellipsoid based on this value of
J_ is 1/298.252. The theoretical value of J4 for the reference ellipsoid

assumed to be in hydrostatic equilibrium is computed as -2.350× 10-6 .

The deviation of the geoid computed on the geopotential based on solution

I is expressed as a function of geometric latitude:

h=-_0.8-18.3 sin _-87.8 sin s f_-l19.1 sin s f_-b1042.5 sin 4

-_1191.7 sin 5 f_-5074.2 sin 6 _-3636.7 sin _ _-{-12,668.0 sin 8

-_5230.8 sin 9 _-16,676.3 sin 1° f_-3556.4 sin 11/_-10,913.0 sin TM

-_926.8 sin is _--2791.3 sin1' fl (in meters). (24)

Figure 1 shows the value of h as a function of f_ based on this equation.
The value of geoid height h in the north pole is 13.5 meters, which is the

maximum value, and is -24.1 meters in the south pole.

In tile solutions (22) and (23), the values of J, do not tend to converge

to zero as n increases. However, if n is large enough, J, should take a
very small value. Otherwise the gravity expression, which is derived

by differentiating the potential with respect to the radius, may give a

very great difference of gravities between the equator and the poles and

between the north and south poles.

To determine how strong or weak the solutions (22) and (23) are, the

correlation coefficients in my determinations are shown in tables 21 and
22. The tables indicate that these solutions are derived from rather

strongly correlated equations of condition. Therefore, in the future we

must use both low and high satellites having the same inclination.

However, to determine the orbital elements of low satellites _ith high

inclinations we need observations from high latitudes. As I mentioned

earlier, I could not assign a large weight to the node equation of 1961o

to determine even-order coefficients, because the inclination could not

be determined with sufficient accuracy. Also, I must mention that I did

not use satellites with inclinations below 28 °, between 50 ° and 67 °, or
between 67 ° and 85 ° in this determination.
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• ho o 30 ° 60 ° 90'h
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Fibre l.--Geoid height (h) as a function of geometric latitude (p). Solid line
shows geoid height in Northern Hemisphere and broken line shows that in the

Southern Hemisphere.

However, I believe that the present determination is much more re-

liable than the previous one, since the data themselves are more reliable,
both because of the number of observations and because I included some

satellites that were not used in the previous determination.
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